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What is homotopy theory?

Homotopy Theory is...

a branch of mathematics, particularly within algebraic topology, that
studies continuous deformations (homotopies) of functions or mappings.

Google Al Overview Summary, May 1 2025J

https://www.shapeways.com/product/6CIQ9GXWW/topology-joke
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What is homotopy theory?

Let X and Y be topological spaces. A map between them is a continuous

function.
Let / = [0, 1] denote the unit interval.

Two maps f,g : X — Y are homotopy equivalent if there exists a

homotopy
H: XxI—=Y

such that H(x,0) = f(x) and H(x,1) = g(x). In this case we write f ~ g.
Exqu\v\g% X=X aond ‘S:I—*\( and Q.I—\Y ase w\h‘g
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We write X ~ Y whendf: X —-Yandg:Y — X st fg~1y and
gfﬁ].x.
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Motivating Example: homotopy pushouts

Problem: The strict pushout is not homotopy invariant.
Example: Two disks qlued along o common Soundary ~citcle.
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Universal property of the colimit

Definition

Let C be any category, Z be a small category. The colimit of X : Z — C (if
it exists) is the initial object in a category of cocones for X.
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Approach #1: Homotopy Colimits as a concept

hese ave two Dosic apploaches Yo “'\QYJ‘(\% colanite omowpical’
Wi We Ulecatuce.

Definition (Dwyer-Hirschorn-Kan-Smith)

A category C is a homotopical category if C contains a distinguished set
W of morphisms that satisfy

@ W contains all identity maps of C

@ W has the 2 — of — 6 property, meaning that if the first and second
composites are in W then so is each map and every composite:
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Approach #1: Homotopy Colimits as a concept

The colimit is the initial object in a category of cocones for X : Z — C.
Can this be adapted?

Definition

The homotopically initial objects are defined by the property that the full
subcategory spanned by them is empty or homotopically contractible.
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Approach #1: Homotopy Colimits as a concept

The homotopy colimit is a homotopically initial object in a category of
cocones for X : 7 — C.

Definition

Homotopically initial objects are weakly equivalent up to a homotopically
unique weak equivalence.

Problem: the concept of a homotopy colimit doesn’t produce a
construction of the homotopy colimit and allows for a lot of choices.
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Approach #2: Homotopy Colimits as a construction

Definition (Quillen, Riehl)

A model structure on a complete and cocomplete category C consists of
three classes of morphisms W, C and F such that

o (CNW,F)and (C,F N W) are weak factorization systems on C and
o W satisfies the 2-of-3 property.
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Approach #2: Homotopy Colimits as a construction

In this case, a homotopy colimit is a procedure:

@ Replace the morphisms in the diagram X : Z — C by cofibrations up
to weak equivalence,

@ Take the s;rict colimit. 0
® TO— e @ O——e ©® O—=—®
& | /_3._‘ 3 \
‘ @ a
: o — S
® CACTOR REVLACE
OR\G\NAL

9

Problem: We don’t always have a model category structure on hand,
cofibrant replacement is not always functorial.
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Middle ground

Let C be a category with a terminal object oc.

Properties of homotopy colimits

Q Let F: I xJ— C, then hocolimyhocolimy F = hocolimyyy F.
AKA: Fubwi propecty.
Q Lleta:I—Jand F:J— C, then hocolimy F o a — hocolimj F.

Q Let C be a basepointed category™ then hocolimy csty, = 00.
Q Let P(0) be the trivial category then hocolimpgy F — F(0).

Q If F >~ G (defined pointwise), hocolimy F ~ hocolim; G.
FO= GG V oo T )

*In the live talk on May 1, | forgot to add the hypothesis that C has a
basepoint - the terminal object is also initial.
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Where do these properties come from?

Let (A, ®,/,a, \, p) be a monoidal category

A (left) A-actegory is a category C with a functor —e —: A x C — C and
two natural isomorphisms

n

@ Ny X — lex

O [absx ao(box)g—>(a®b)ox

satisfying associativity and unit conditions.
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Cal = co.\:e%on& of small categoriey } Tete ase wonoidal URing
CAT = Calegory ok oM Cakegories e Costesian produck

l\c\e%ot\\ et s
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Achions CoA®® x CAV M2 | CAT p«&eﬁ\o\\

Gnit: Mgt & —F MalTT)=l  Weakly
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M (X8
= G ‘Afn y = ©

e ochon S '\vw'\u\\‘ unital and associative.
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@ e *Von'! acken of Cot®® on CAT : (CAT, Fun)

Ackion: Fon® Cod®® x CAT —— CAY
(X,5HY » Foa(L,8) = coteaety of funckors

mulhighcalion . e *wn (X, Ton(1.6)) T (Tx3.0)
fow the usual closed ghruchure on CAL

E— Cot
e * G Voo (V(@),R) Whece V@) is e untt ol X on

This & We functor —\o&.‘m% xecbl o csby: Yo)— G, e unique
funckor detined 33 csk, (@) =X.
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Where do these properties come from?

Definition

Let C be a category and ID be a 2-category with underlying category D.
Let F, G : C — D be functors. An oplax natural transformation
7T:F=Gs

o for all x € C, 19(x) : F(x) — G(x), and ﬂ"-"o‘ag—“bu

o forall f:x — yinC, a 2-cell 7(f):

NB: Tywer & — By,
-
i) 2L g
F(f)l Vi lG(f)
F(y) o C ()

which respect identity maps and composites.
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Where do these properties come from?

Let A be a monoidal category, let C be an A-actegory, and let D be a
2-category whose underlying category D is an A-actegory.

A lax A-linear morphism from C to D is a functor F : C — D together
with an oplax natural transformation 7 : epo F — F o eg.

o 79(a,x):aep F(x) — F(aec x) for all (a,x) € A xC
o 11(a, f) for all (o, f) € A X C:

To(a x)

aep F(x) —— F(aec x)

ozopfl /‘C\(d:'&\ lF(aocf)

bep F(y) —=F(becy)

T0(b,y)
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Where do these properties come from?

A distillation system on (Cat°P, CAT) consistes of a lax Cat®P-linear

morphism
(Id,é,E,U) : (CAT, Triv) — (CAT, Fun)

which is pseudo-multiplicative and pseudo-unital. + cohesences

> (CKY, t"“)

ok S, W o CQ\?? - Uneas m\\\sm (CAT, Teiv)

wnoe Underlying - funchor CAT —» CKT A g, p o Waidh (8
SOMERPMSWA.

- whative o V
vetel ond I RPRETNE R TS sl 2-al4)
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The data of a distillation system

O Thee & an op\ax naluse) Aons Soconation.

§ : Fun( I, a@N— ONER )
(-]
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The data of a distillation system

@ Pseuvdo-vninl:

A Tun (W) 8)

NE A

Kristine Bauer with K. Hess, B. Johnson, J. F Distilling hocolims May 1, 2025



Middle ground

Let C be a category with a terminal object oo.

Properties of homotopy colimits

Q Pseudo-multiplicativity:

hocolimy hocolimy F = hocolimyyj F
Q Naturality of §1: (sgecio) cose ¢=1d)
hocolimy F o & — hocolimy F
@ Naturality of 47 and unitality™:
hocolimy cst,, = o0

Q Unitality:
hocolimp(o) F — F((Z))

¥ e eaclier adke. Waig cm\\s hode When © @ Mﬁ_’cg\. §
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@ The conceptual definition of a homotopy colimit due to [DHKS] is
*not™* an example of a distillation system (properties only hold up to
weak equivalence).

@ Constructive definition of a homotopy colimit using model categories
(e.g. Bousfield-Kan) are examples of distillation system.

@ Other constructions of homotopy colimits - e.g. using the mapping
cone to construct homotopy colimits in chain complexes - should also

THANK YOULL
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